Foundation Mathematics and Calculus Reference Sheet

Cartesian form:
Conjugate
Polar form: z=r(cosf +isinf) =rL0

Modulus r=|z| = x? +y?

Arg(z) 6 = arctan (5 0 € (—m,
Exponential form: z =re?, e’ = cosf + isinf
De Moivre’s: 2" =r"Z(nb)
nt" roots: wh, = AL g+ ka) — 1l
212 = 1172 Z(01 + 02) 2—2 — —4 (61 — 0)

cscl =1/sind sin?@ + cos?6 = 1
secd =1/cosb
cotf =1/tan6 csc?f —cot?0 =1

Even/0dd Identities

sin (—0) = —sin
cos (—0) = cos @

tan (—0) = —tané

sec?2 @ —tan?6 = 1

cse (—0) = —cscf

sec (—0) = secl
cot (—0) = —cot 0
Double Angle Identities

2tan0
1 —tan?0
c0s(20) = cos? 6 — sin? @ = 2cos? f =1 =1 — 2sin? 6

sin(20) = 2sind cos § tan(20) =

Angle Sum/Difference and Product-to-Sum

sin(a + ) = sin« cos 8 + cos asin 8

cos(a £ ) = cos acos B F sin asin 8
_ tana +tanf
tan(a % f) = 1 F tana tan 8
[costas— ) cos(a + )]

sinasin § = %

cosacos B = [cos(a + B) + cos(a — B)]
1
2

. et —e * 1 2
sinhy = ——— cschx = — =
2 sinhz e —e %
et +e* 1 2
coshx = ——— sechz = =
2 coshz e*+e*
sinhz e* —e™* coshx e*4e*
tanhz = = cothax = — =
coshx = e* f e~ sinh x et — e~ "

Square Formulas

cosh? z —sinh®* 2 = 1 sinh? z = 1 (cosh 2z — 1)

1
2
sech? z + tanh®z = 1 cosh?z = 1 (cosh2z + 1)

coth? 2 — csch®z = 1

o O e’—e¢
sinf = — =
o 2 H 2i
(§) = A 6 —i6
WP S cosf— > _¢ *te
= H 2
0 0 et _ o—if
Adjacent tanf = -+ = (e 1 i)
Reciprocal Pythagorean

Even/0dd Identities

sinh (—z) = —sinhz csch (—x) = —cschx
cosh (—z) = coshz sech (—z) = sechx
tanh (—x) = — tanh x coth (—x) = —cothz

Double Angle Identities

sinh 2z = 2sinh z cosh z cosh 2z = cosh® z + sinh? z
9 tanh z =2cosh?z — 1

tanh 2z = =2sinh?z + 1

1+ tanh?

Angle Sum/Difference and others

sinh(z + y) = sinh z cosh y + cosh x sinh y

cosh(z + y) = coshz cosh y & sinh x sinh y
tanh z + tanh y
1+ tanh z tanh y

(cosh z + sinh )™ = cosh nz + sinh nz

tanh(z £ y) =

sinh? z — sinh? y = sinh(z + y) sinh(z — y)

sinacos 8 = s[sin(@+3) + sin(a — )]
Inverse Function Domain Range
y = arcsinz = sin" 'z -1,1] [—7/2,7/2]
y = arccos T = cos 1 [-1,1] [0, 7]
y =arctanz =tan~"'z (—o00,00) (—7/2,7/2)
y = arccsf = csCPr || >1  [-m/2,7/2] — {0}
y = arcsecT = sec™ ! & |z] > 1 [0,7] — {=7/2}
y=arccotz =cot™ 'z [—o0, 00 (0, )

Inverse Function Domain Range
y = arcsinhz = In (x + Va2 + 1) (—00,0)  (—00,00)
y = arccoshz = In (z + V22 — 1) [1,00) [0, 0)
1 1
y = arctanhz = 5 In (i—i) (-1,1) (=00, )

1 /1 (—=00,0)U  (—00,0)U
y=arccschz =1In | — + ol +1 (0, 0) (0, 00)

8

1 1
y = arcsechz = In ;4—\/?—1 (0,1] [0, 00)
_ 1 z+1 (=00, YU (—o00,0)U
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(Inverse) Trigonometric Functions Differentiation Integration
d . . dy dydu
oy sz =cosz [sinz dx cos T + = Tud Judv=uw'— fudu
d . d u(b)
d—cosa:——smx Jeoszdr =sinz + C d—(uv):vu'+uv' /f dx_ f(u)du
T X u(a)
d
Etanxzsecgm Jtanz dx = In|secz| + C d (E) _ 'uu’—zuv’ /(f(m))”f’(x)dm:(f(m))n—H 1C
dz v n+1
icsc:z::—cscaccota: Jescxdr =In|escx — cotz| + C d
djc @) =n(f@)""f (@)
P =secxtanx [secxdr =In|secx + tanz| 4+ C d /@) — f(3)ef @ /ef(””) dir — ef ()
, dfc f'(x)
—cotex = —csc”w cotzdr =In|sinz| + C f :
da d ke & 1o f(a) = L1 LD 4~ |f@) +C
] 7@) z
[sec? zdx = tanz + C d
4 1@ —F @ () Ing
arcsinx = / do = arcsin (x) +C dz
dx \/1 - :1:2 Va2 — x2 a D inatot Fact Term in partial fractions
d enominator Factor(s) decomposition
o ArccosT = \/_ - 2
iaurctan:c /d—x = larctan (E) +C o
dx l—l—m2 a?+22  a a (e a)? A B
-1 x—a (z—a)?
— arcescxr = ———
zva? -1 z? +az +b —AI+B
1 / 1 (:c) L 2 +ar+b
— arcsecx = = —arcsec | —
xva? -1 zvzi—a? a a

d " -1
2 arceotr = ———  Limite ~—
dz

14 a2
D.N.E
. . b
(Inverse) Hyperbolic Functions Unbounded fla) = . £0
d . :
I sinh z = coshx [sinhz dz = cosha + C Different one-sided limits lim f(z) # lim+ f(z)
r—a— T—a
d
T coshz = sinhz Jeoshzdx =sinhz + C Oscillatory lim sin(x)
r—a
d
- tanhz = sech” z Jtanhz dz = In(coshz) + C Limit Laws & Standard Limits
d . . .
%cschx: —cschazcothz  [cschadr = In|tanh £ +C I al;l_rf(lz(f(x)—i—g(x)) Zil_l)rzf(x)-i-;l_rf‘lzg(x)
di sechz = —sechz tanhz [sechz dr = tan~!|sinhz| + C x lim (cf(2)) = ¢(lim f(2)), ceR
x
d 1 li li
— cothz = —csch®z Jeothz dz =In|sinhz| + C = (f(ac)g( ) = ( = f@ ))(ml_rgg(x))
dz flx) hmx_m f( ) )
= lim ) lim g(x) # 0
[sech? z dw = tanhz + C z=a g(x)  limgq g(x) z—a
. 1 p flg(@)) lim (f(g(x))) = f(lim g(z))
——arcsinhz = Vita? /—x = arcsinh (E) +C 1 e nP
Lo VaZ 1 22 a lim — =0 (p>0) lim — =0 (a>1,p)
=ln|z+ V22 + a2 +C SRS () v ay
lim ™ =0 (Jr]<1) lim — =0 (Va)

arccosh z =

T - /d—a: = arccosh (E) +C im a=
dx \/J,‘Q——l m = @ zlinolo ar =1 (a>0) $11}11;0 P = (p>0)

_ Vo R—) n
=Mz +vz?—a®|+C lim nw =1 lim (1—}—2) = e (Va)
T—00 T—>00 n
e arctanh x = m /m =5 In — |+ C opital Rule a—a g(x) ] g'(x)
d 1 T —
— h =—1In C Indeterminate forms
e arccschx = |a:| —x2 /m2 2 % Tta + —
i el / (ix - —1arcsech( ) +C T Fatoring/dividing by the highest power
dx zV1— -T2 rvar— “ o~ oo x 0 Rearranging to f(@)
:__lln at+vat—z* +C 9(x)
00 — 00 Rearranging into a single fraction

— arccothr = ——
dx 1~ 22 09, 000, 1° Taking a logarithm
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Integrand Trigonometric Trigonometric Hyperbolic Hyperbolic
Expression Identity substitution Identity substitution
2 .2 2 : T 2 2
11—z 1 —sin“ 0 = cos* 0 x:smﬁ,ﬁe{—a,g] 1 — tanh” § = sech” 6 x = tanh 6
1+ 22 1+ tan? 6 = sec?f r =tanb,0 € (—g,g) 1 + sinh? 0 = cosh?# r = sinh 6
2 2 2 T 3m 2 )
¢ —1 sec — 1 =tan” 6 x:secﬂ,ﬂe[(),g)u ™ cosh” 6§ —1 = sinh” 6 xz =coshf,0 >0
Series Test Series Converges if Diverges if Comments
Divergence Z an n/a lim a, #0 should be the first test used.
Test 1 nTreo Inconclusive if limit = 0.
1
P-Series Test — p>1 p<1 harmonic series when p = 1. Useful
= nr for comparison tests.
Integral Test Zan =f(x) f(z)dx / f(z)dx f(z) must be continuous, positive,
1 1 . 1 and decreasing.
converges diverges
o0 [ee] (oo}
Direct Z an, 0 <a, <b,, Z bn, 0<b, <ay, Z b, find a larger series to show
Comparison ne1 ne1 1 convergence, find a smaller series to
Test converges diverges show divergence.
Alternating Z(fl)"ﬂbn b, >0 Vn, n/a series must be decreasing
Series Test n=1 lim b, =0,
n—oo
bn+1 S bn
Ratio Test Z ay, lim Intl 1 lim Gntl >1 test fails if lim Onti] _ 1.
= n—oo | A n—oo | G n—oo | G
Polynomial Approximation and Taylor Series - | Wnd Order Differential Equations (DEs)
Linear L(z) =~ f(a) + f'(a)(z — a) Homogeneous Eqs ay’ +by +cy=0
. f” (a)
Quadratic Q(z) ~ f(a) + f'(a)(z — a) + B) (z —a)® {"1. Write down auxiliary eq  aA? +bA+c =0
_ < ¢0)(q § ot VI
Taylor Series T(z) = z n'( )(x —a) 2. Solve for A )\ = —bE vb® —dac
"0 L o 2a
n a .
= Qz) + ...+ / n'( )(x — )" 3. Depending on the roots

Maclaurin Series M (z) = T'(x) where a =0

First Order Differential Equations (DEs) . .

Separable DEs

W _ PG

de

1. Separate z’s and y’s
2. Integrate both sides

Non-trivial solutions

(y)

G(y)

If |y| = h(z)

%dy:F(z)d:c
/LdyZ/F(x)dHo

, y = Eh(z).

y = h(x) If y = +e“h(x), y = Ah(z)
Trivial solutions Check constant sols f(C) =0
y=0C
Linear DEs y'+ P(z)y = Q(x)

1. Calculate

2. Multiply I(x) to DE
3. Integrate both sides

4. Divide I(z) both sides

I(.’E) _ ef P(z)dx

(i) b*—4ac>0 y=AeM" + Be*?®

Two real roots Ay, Ao

(i) b2 —4dac=0
One real root A

y=Ae’® 4+ Bxe®

(iii) b% — 4ac < 0
Two complex roots a =+ i3

Non-homogeneous Eqs ay’ +by +cy=f (x)

1. Solve for y;, ay’ +by +cy=0

2. Write down a trial y,
If terms in trial y, appear in yp,

Check f(z) and f'(x)
include an extra x.

3. Determine derivatives of y, Ypr Yy

4. Subs y,,y,,,y, into the DE,

5. Write down the general sol Y=1Yn+Yp

Initial value problems (IVP): Conditions specified at
the same value, usually the lower boundary of the domain.

Boundary value problems (BVP): Conditions specified
at the extremes (boundaries) value of the domain.

y=Ae® sin Bz + Be®”® cos fx

solve for unknown coeffs.
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Matrix

Identity matrix I,,: A square n X n matrix, where every
entry on the main diagonal is equal to 1.

Transpose matrix AT: [AT],,«n = [Alnxm

10 0 1 217
Eg Ii=|0 1 0| AT—=13 4 :B " g}
0 1 5 6

Gaussian Elimination
1. Set up an augmented matrix [A|b]

2. Perform elementary row operations:
(i) Swapping two rows,
(ii) Multiplying a row by a nonzero number,
(iii) Adding a multiple of one row to another row
3. Using the above operations until a matrix transformed
into an upper triangular matrix or in row echelon form, ie
(i) The leading entry in each row is to the right of
the leading entry in the row above
(ii) All rows having only zero entries are at the bottom

Methods for solving systems of linear eqs{ ‘

For systems of n eqs w/ n unknowns: Ax =b, det(A)#0
x=A"'b | .
T det(Ay)

det(A)’
(Replace 7"

Equations of lines andM(in spa(ﬂ

* A line passing through pts P(zo, y0,20), Q(z,y, 2)

I. Using inverse

II. Cramer’s rule z; = i=1,2,...,n

column with b)

Direction vector PQ = [x,y, z] — [zo, Yo, 20] = tv,
For v = [a, b, c], [, 9,2] = [z0, Yo, 20] — t[a, b, c]
Vector equation r) = ro +t w
T =x9+ta
Parametric equations Yy =1yo+1tb
z=2zy+tc
Cartesian equation SO —byo _ZT
a c

a1 a2 a3 ai4
G22 (23 (24

For example, A =
or example, 0 O ass asq

0 0 0 0

Gauss—Jordan Elimination

4. Using row operations until all the leading entries are 1
and zeros elsewhere (in reduced row echelon form)

5. Solution depends on
(i) rank(A) = rank([A|b]) =
(ii) rank(A) # lffml<([z4|1f>])

(iii) rank(A) = rank([A|b]) =r <n Infinite solutions
Assign n — r parameter(s) to the non-leading variable(s

rank(A4) =

Unique solution

No solution |

) |

the number of non-zero rows in row echelon form
or the number of linearly independent rows

trace(A) = the sum of main diagonal entries
. a b o

Determinants det(Azyx2) = ’ ’ = ad-bc

a b c |

d

det(Ases) =|d ¢ fl=alt I[-s|F 1|+ gl

g h 1
Cofactor expansions along it" row or j*" column

det(A Zau Cij, n>2
M, M; ij 1s the determinant of the submatrix

Cij = (1) My,
obtained by deleting the i** row and the j** column

TL><7L

If A has a row or a column of zeros, det(A) =0
Multiply a row by k to get A’, then det(A”) = kdet(A)
Swap any two rows to get A’, then det(A’) = —det(A)
Add a multiple of one row to another, det(A’) = det(A)
If one row is scalar multiple of another, det(A) =0
det(AT) = det(A) 7. det(kA) = k™det(A)
det(AB) = det(A)det(B) 9. det(A™") = 1/det(A)

10. If A is a triangular matrix, det(A4) =[]\, ai;

g9 & & > P =

Matrix inverses
If det(A) =0
If det(A) # 0

not invertible & singular

invertible & non-singular such that:
AA' =Jand AP A=1

a b

A = |:C d:| —

a1 { d —b}

~ det(A) L—¢ a
For A, x,, compute A~! using Gaussian elimination:
1. Set up an augmented matrix [A|]]

2. Perform row operations to convert the LHS into I,
which causes the RHS to become A~!, ie [I|A7!]

* A plane passing through pts P,Q and R
w=PG, v=Pk

aNny two direction vectors will do
r—r0—|—tu—|—sv t,seR

Direction vectors

Vector equation

n-r=n- O?) where n = u X v
& >

& Q?T;

Cartesian equation

Distance btw a plane and a point d =

Tl
Vector

u = [ug,uz,uz], v =[v1,v2,03] W

~ ~ (_J

Vector norms ||u|| = \/u? + u3 + u3 f

Unit vector 4 =wu/|ull O [ v
Dot product UV = Ujv1 + Uy + uzvs

Angle Z(u,v)

Scalar projection of

u onto v (length of OA)
Vector projection of
u onto v (vector OA)

Cross product in R3 a = [a1,az,as],

~

2 = [b17 b27 b3]

n = a X b = normal vector perpendicular to both a and b

axb=0, alb laxbl=lallbllsin6
t 3 k
|\~ o~ Tl _ |2 az| .|a1 as ai G
axb=la; ay as|=2|p, byl I lb, bs|TElb, b
by by b3

=[asbs—asbs, azby —a1bs, a1bs—asb]
o+

SNTN SO

a; az as

b3

ai

by

a2

b1 b ba

Scalar tr?ple product: the volume of parallelepiped

ba
C2

b g2 78 by by by by
a-(bxc)— b1 by bs|=ay Co 03’— ‘—f—

= al(b203 — bgCg) — &2([)183 — b301) + a3(b162 — bgcl)



